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ABSTRACT: The axisymmetric magnetohydrodynamic (MHD) stability of a compressible fluid cylinder subjected to
electromagnetic and inertial forces is investigated. A general eigenvalue equation is derived and analyzed analytically, with
numerical results used to validate the theoretical predictions. In the absence of internal and external electromagnetic forces,
the system is influenced solely by capillary effects. The analysis shows that the model is unstable within the range

0 <X <1 while it becomes stable for 1 <% < % Thjs suggests that instability occurs only for small axisymmetric
disturbances, whereas the system remains stable in all other regions. At sufficiently high magnetic field strengths, the
model exhibits complete stability across all wavelengths. Additionally, fluid compressibility is observed to have a
stabilizing effect.
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INTRODUCTION
After studying a liquid column’s stability, the authors came up with the dispersion relation. They looked at the kind of
disturbance on the liquid jet's capillary instability boundary [1-4]. These pieces have been expanded [5-14]. Since the
velocity is no longer solenoidal (i.e., Vu 6=0) and the fluid's density is not uniform, the current work differs from earlier
studies. This paper examines the stability of a complete fluid cylinder with a radius of RO that is permeated by an axial
magnetic field and has surface tension for all perturbation modes. It is assumed that the fluid is completely conducting,
compressible, and inviscid. The magnetic field permeates the fluid.

FORMULATION OF THE PROBLEM
We investigate the stability of a complete fluid cylinder with a radius of RO that is permeated by an axial magnetic
field and has surface tension for all perturbation modes. It is assumed that the fluid is viscous, compressible, and
perfectly conducting. The magnetic field penetrates the fluid, which has a density of p.

M

The magnetic field is thought to permeate the surrounding tenuous medium around the cylinder.

H,= (0,0, Hy).

HE — (0,0, aHy).

(2)
The capillary, gradient pressure, and electromagnetic forces are all being influenced by the fluid. Along the fluid-
tense contact, the capillary force which results from the curvature pressure acts.The fluid's basic MHD equations

under the current conditions are as follows.
du

par = VP +u(V < H) x I,
at
(©) )
AR :
ot P=Cp",
(4) aH
S5 =V x (ux H), V-H=0.
(5)

The fundamental equations in the vacuum zone are
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v o P,=S(V-n,)

ng).
YV = HYe — 0.

(6)

Ps is the curvature pressure, C is a constant, S is the surface tension coefficient, ns is a unit outward vector normal
to the cylinder interface, u and P are the fluid velocity vector and kinetic pressure, p and H are the magnetic field
permeability coefficient and magnetic field intensity, respectively, and Hvac is the magnetic field intensity in the
vacuum region.

NVE(r w, = t)
s S N Er o =0

The normal vector ns, the unit, is provided by IVE @ 201"
()
A condition of unperturbed The distribution of unperturbed pressure is ultimately provided by
S H2 2
- Hig \ . .
pD=E+TDlUB—1J- !5130({:}_2_1]_

- ®)
where (S/R0) is the capillary force contribution, which results from the fluid cylinder's internal and external
electromagnetic forces.

SOLUTIONS AND LINEARIZATION
For small departure from the unperturbed state, every physical quantity @(r. ¢.z. ) could be expressed as .
Qir.g.z: 1) = Qp(r) + 5(0)Qy(r.¢.2)
(9)
Where @ stands for P, U, ¥*,¥*®, the amplitude of perturbation &t} at time t is
Eit) = ggexplot)
(10)
Where (@ )is the growth rate of the instability or rather the oscillation frequency if (¢ = iw with i = V=1 is
imaginary and &g is the amplitude at ¢ = 0. The perturbed radii distances f the gas cylinder is given by
where r =Ry + £ exp( ot + i(kz + mg))
(11)

Where (k) is the longitudinal wave number and ( m an integer) is the transverse wave number. The second term
on the right-hand side of equation (11) represent the surface wave elevation normalized with respect to Ry and
measured from the equilibrium position. The linearized perturbation equation deduced from the fundamental

equations (1)- (4) given by
I, = Alo(nr) explikz 4 ot],

iy = BEy(nr) explikz + at].
H{* = BV[Ku(nr) explikz + at]],

ANALYSIS OF PERTURBATIONS
For small departure from the unperturbed state, every physical quantity @{r. ¢.z. t) could be expressed as .
Qlr. gz t) = Qolr) + &) Qyir.¢.2) 9)
Where @ stands for P, U, ¥*,¥*®, the amplitude of perturbation &t} at time t is
£(t) = ggexp(at) (10)
Where (@ )is the growth rate of the instability or rather the oscillation frequency if (g = iw with i = v—1) s
imaginary and &g is the amplitude at ¢ = 0. The perturbed radii distances f the gas cylinder is given by
where T =Ry + £g exp( ot + i(kz + megh))
11
( V)Vhere (k) is the longitudinal wave number and ( m an integer) is the transverse wave number. The second term
on the right-hand side of equation (11) represent the surface wave elevation normalized with respect to R; and
measured from the equilibrium position. The linearized perturbation equation deduced from the fundamental
equations (1)- (4) are given by
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o+ (U.9)uy = -¥r+2(U; 7 0) (12)
r= %— Vi (13)
vri=o (15)
vvi=0 (16)

This system of equation is simplified on using the time dependence as given above by (10). From the view point of
the linear theory and based on the linear perturbation technique, every perturbed quantity can be expressed as
exp( o t+ i(kz +mg)) times an amplitude function of . Consequently, on solving (12) we obtain

_ —[o+ikle= ar #imn? r 17
Uy = pllo+ikle=t+40% "ar  pllo+ikl e ¥+407 ‘¢ (17)
_ 2 ar iml an? 1 18
Ui = PIo+RUe I 400 "3 | vlo+ikle= ! pllo+ikle= 308 ] ( )
—1T
Uy = m (19)
From equation (14) and (17,18,19) we get
dT 14Tl mE
=t rar (a-)=o0 (20)
4.0
g= kz[]. + mﬁ (21)
The solution of equation (20) is given by
F=AJn(griexpli(kz + m¢ + o t)) (22)

Where 4 is an arbitrary constant to be determined and [, the ordinary Bessel function of first kind of order m.
Similarly equation (15) and (16), based on the linearzed theory, are solved and first order perturbation ¥} and v§
are given by

Vi = B I,(kr)exp(i(kz + mg + o 1)) (23)

Vi = C K (kriexp(i(kz + mg + o 1)) (24)
Where I, and K,; are modified Bessel function of order m and E.C are constantsof integrations to be determined.

BOUNDARY CONDITION
The Solution represented by equations (22 ) — (24 ) must satisfy certain boundary conditions. Under the present
circumstances these conditions can be given as follows.
(i) Kinematics boundary condition states that “ The normal component of the velocity ry, vector must be
compatible with the velocity of the particles of the boundary surface at r = Ry

or_ar

gt~ Ar

(if) The gravitational potential and its derivatives must be continuous across the surface.
(iif) The normal component of the total stress tensor must be continuous across the boundary surface from which we
have the following dispersion relation:

(o +ik et [{g+ik Dest) 24 407 . 3 - -
) (os k9 + Zmg gy Jm DY) = 27Gp — 07— AmGp Ky (X)Im(¥) (26)

Where x is, the dimensional wavenumber, given by x = kRy and y is defiend by y = gRy,.

Equation (26) is the dispersion relation of gravitational streaming oscillating rotating fluid cylinder surrounded by
self-gravitating vacuum. It relates the growth rate & with the streaming oscillating velocity Ue®!, angular velocity £,
the wave numbers x,y,m and other parameters p. & and Ry.

Uy = (25)

STABILITY DISCUSSION
It is preferable to examine the behaviors of the Bessel functions as well as the compound functions included in the relation
before talking about the system's ordinary stability, marginal stability, and instability (26). Because of the recurrence
relations (see Stegun and Abramowitz [12]),
2 Iy (%)= Dy q(x) + Iy q(x), (27)

2 !fm {.‘I:l = - 'm—l{-'r:' - K‘m:+1|:x:' {Zﬂtl
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Because I,{x) is monotonic increasing and positive definite I, (x) =0 for all modes of perturbation m = 0 and
nonzero values of x = 0, while K,,,(x) is monotonically decreasing but never negative, i.e., Ky, (x) = 0 we may show
that

Iy (x) =0, Kn(x)1=0 (29)
Also for m = 1 for all values of x = 0.we have
2 ) Ky ix) <1 300
For non-rotating { i. e £t = 0 ) and non-streaming fluid (i.e &' = 0  the dispersion relation (26) reduces to that of
Chandraskhar[13] . Moreover if we putm =0 . =0, U = 0 in (26) we recover the relation derived their relation

by using the principle of Fermi .
In absence of the streaming (i.e I = 0, the dispersion relation (26) can be written in the dimensionless form

T m(¥) + 2mM gy ()] [Ky () T () — % + M|+ N(N? + aM%)f,(p) =0 (30)
Where the dimensionless quantity M, N we defined as follow
N= —— M= —— (31)
- JImGp’ = JimGp
If x = 0 the dispersion relation (30) takes the simpler form
AN |
NI 2MN+m (M2 —3)+3=0. (32)
Hence we get N=M+ J[m— 1][% —My, (33)
A neutral mode of oscillation is obtained if
M=+t (34)
It is clear that the angular velocity must satisfy the following VZM=1 (35)
Neglecting the rotation effect the dispersion relation (26) reduces to
(o+ ikUe®? = %[Im[ﬂkm{x] —% . (36)

NUMERICAL DISCUSSIONS
in order to confirm the analytical results regarding the impact of various forces acting on the current model. The numerical
discussion of the dispersion relation (26) for the ax symmetric perturbation mode is shown to be crucial. We must rephrase
this dispersion relation in non-dimensional form in order to accomplish so, so we can enter it into the computer to perform
the numerical calculation. Additionally, if we apply m=0 to equation (36) we get
_ AmGpxiy(x)

(o + ikUe“H? = W[Ig{;ﬂl{g{;ﬂ —%] (37)

CONCLUSION
1. In both the ax symmetric and non-ax symmetric modes, streaming has the effect of reducing the stable states.

2. The self-gravitating force is stabilizing for all other perturbations, but only destabilizing in the symmetric mode (m=0)
for a small range of wave numbers.

3. When the destabilizing propensity of the model is reduced and suppressed, its stability behavior is revealed.
4. This phenomenon is intriguing from an academic perspective and during geological drilling in the earth's crust since we
have superposed gas-oil layer mixed fluids.
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Figure (1): Magnetodynamic stable and unstable domains for a compressible fluid as Hy /Hg=0
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Figure (2): Magnetodynamic stable and unstable domains for a compressible fluid as H,/Hs=0.4
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Figure (3): Magnetodynamic stable and unstable domains for a compressible fluid as Hy/Hg=1.0
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Figure (4): Magnetodynamic stable and unstable domains for compressible fluid as Hq/Hg=2.0
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